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WELL-POSEDNESS FOR THE TWO DIMENSIONAL 
GENERALIZED ZAKHAROV-KUZNETSOV EQUATION IN 
ANISOTROPIC WEIGHTED SOBOLEV SPACES 

G. FONSECA AND M. PACHON 


Abstract. We consider the well-posedness of the initial value problem associ¬ 
ated to the fc-generalized Zakharov-Kuznetsov equation in fractional weighted 
Sobolev spaces H S (R 2 ) n L 2 ((\x\ 2ri + \y\ 2r2 ) dxdy), s,ri,r 2 E R. Our method 
of proof is based on the contraction mapping principle and it mainly relies on 
the well-posedness results recently obtained for this equation in the Sobolev 
spaces H S (M. 2 ) and a new pointwise commutator type formula involving the 
group induced by the linear part of the equation and the fractional anisotropic 
weights to be considered. 


1. Introduction 


Our aim is to study persistence properties of solutions of the two dimensional 
/c-generalized Zakharov-Kuznetsov equation (gZK) in fractional weighted spaces. 
More precisely we consider the initial value problem (IVP): 


dtu + d x Au + u k d x u = 0, t G R, (x, y ) G M 2 , k E 
u{x,y,0) = uq(x, y). 


Let us introduce the weighted Sobolev spaces of our interest 


(1.2) Z S}{rur2) =H s (R 2 )nL 2 ((\x\ 2 ^ + \y\ 2 ^)dxdy), s,r u r 2 el. 


We want to show that for initial data in this function space the associated IVP is 
locally well-posed and with some additional assumptions it turns out to be globally 
well-posed. In general an IVP is said to be locally well-posed (LWP) in a function 
space X if for each u o G X there exist T > 0 and a unique solution u G C([—T, T] : 
X) fl • • • = Yt of the equation, such that the map data —> solution is locally 
continuous from A' to Yt- 

This notion of LWP includes the “persistence” property, i.e. the solution de¬ 
scribes a continuous curve on X. In particular, this implies that the solution flow 
of the considered equation defines a dynamical system in X. Whenever T can be 
taken arbitrarily large we say that the IVP is globally well-posed (GWP). 

It is important to mention that this family of dispersive equations include the 
Zakharov-Kuznetsov (ZK) equation (fc = 1) and the modified Zakharov-Kuznetsov 
(mZK) equation (fc = 2) which are considered two dimensional versions of the fa¬ 
mous Korteweg-de Vries (KdV) and modified Kortewg-de Vries (mKdV) equations 
respectively. The ZK equation was introduced by Zakharov and Kusnetsov in [26] 
in the context of plasma physics in order to model the propagation of ion-acoustic 


1991 Mathematics Subject Classification. Primary: 35Q53; Secondary: 35B65, 35Q60. 
Key words and phrases. Generalized Zakharov-Kuznetsov, Weighted Sobolev spaces. 


1 



2 


G. FONSECA AND M. PACHON 


waves in magnetized plasma, for a rigorous proof of this fact see [T8]. On the other 
hand mKdV equation is used to describe the propagation of Alfven waves at a 
critical angle to an undisturbed magnetic field (see m and mZK is related to the 
same type of phenomena in two dimensions (see |24j). 

In order to motivate our results we remark that for the gKdV IVP: 


(1.3) 


d t u + d^.u + u k d x u = 0, t, x e R, k€ Z + , 
u(x, 0) = u 0 (x), 


Kato showed in [14] the persistence of solutions in the weighted Sobolev spaces 


Z s ^ m = H S (R) n L 2 ( \x\ 2m dx), s>2m, m= 1,2,... 

The proof of this result is based on the commutative property of the operators 
(1.4) T = x — 3td 2 , C = d t + d%, i.e. [T;£]=0. 

Let us consider the linear IVP 

(d t v + d%v = 0, t, a; e R, 

|u(a;, 0) = v 0 {x), 

and let us denote by {U(t) : teR} the unitary group of operators describing its 
solution, that is 

(1.6) U{t)v 0 (x) = {e zt ^v 0 ) v (x) 

Then (11.41) is equivalent to 

(1.7) xU(t)vo(x) = U(t)( xvq)(x) +3tU(t)(d%vo)(x). 


This equality clearly suggests that regularity and decay are strongly related and 
furthermore in order to obtain persistent properties for the flow in (11.51) in those 
weighted spaces Z g|J ., at least twice of the decay rate r is expected to be required 
in regularity, that is, s > 2r. 

Notice that Kato’s result strongly indicates us that this condition should hold 
even for the non-linear associated IVP. In fact, this was recently proved by Fonseca, 
Linares and Ponce in [5] where they extended (O to fractional powers of |x| with 
the help of a point-wise version of the homogeneous derivative of order s introduced 
by Stein [.25]. In that way, they improved Kato’s results for the gKdV in those 
fractional Sobolev weighted spaces. Their argument, via contraction principle, also 
required some detail on previous results on LWP and GWP results for the gKdV 
IVP on the classical Sobolev spaces LP(R) obtained by Kenig, Ponce and Vega, see 

P3, Cl¬ 
in view of the ideas just presented in the case of the gKdV equation, the first 
piece in our analysis is related to some of the existent theory on LWP and GWP 
for the gZK equation on classical Sobolev spaces LP(R 2 ), see remark b) below. Let 
us define the regularity index Sk by: 


( 1 . 8 ) 


Sk = 


3/4 if 1 < k < 7, 
1-2 /k if k > 8. 


We now state the results by Linares and Pastor [T9], [20] and Farah, Linares, and 
Pastor [5] and notice that some detail of their proof will be included in Section [2] 
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Theorem 1. ([Hj ; |20], [5]). For any uq £ KP(R 2 ),s > Sk, there exist T = 
T(||uo||ffs) > 0, an space Xt C C([0,T] : fP(R 2 )) and a unique solution u £ Xt 
of the IVP (11.11) defined in [0,T]. Moreover for any T' £ (0,T) there exists a 
neighborhood V of uq in H S (M. 2 ) such that the map uq —> u(t) from V into Xt* is 
smooth. 

Remarks : (a) The estimate for the length of the time interval of existence with 
respect of the size of the initial data in £P(R 2 ) can be explicitly obtained in the 
proof of Theorem Q] 

(b) The critical index for the gZK equation (11.11) turns out to be s Cj fc = 1 — ^ 
which can easily be computed by an scaling argument, therefore it coincides with 
the regularity index Sk in (11.81) within the range k > 8. Hence we have that for 
k > 8 these results are optimal . Actually, in [5] it was proven that the gZK IVP 
is ill-posed for s = s C} k in the sense that the map data to solution is not uniformly 
continuous so other approach different from contraction arguments is required in 
order to lower the LWP regularity. However, for the ZK equation, k = 1, Griinrock 
and Herr in [IT] and Molinet and Pilod in |21| were able to show LWP in H s ( R 2 ) for 
s > 1/2 in the context of Bourgain spaces X s,b , see [T(. Also, recently Ribaud and 
Vento in [23] showed local well-posedness in H s ( R 2 ) for s > 1/4 if k = 2, s > 5/12 
if ft = 3 and s > s c ^k if ft > 4 by working in some Besov spaces. Notice that for 
1 < ft < 3 there is still a gap to be filled in the expected LWP theory. 

(c) Regarding GWP results, it is important to mention that for the ZK equation 
local solutions can be globally defined in H 1 with the help of the conserved energy 
and a Gagliardo-Nirenberg inequality. In the case of the gZK equation, global 
solutions in H 1 , and even in a larger space in the case of the mZK, ft = 2, are 
obtained if in addition it is assumed that the initial data is small enough, see HE 
[20] and [5]. 

Next, let us explicitly introduce the group associated to the linear ZK equation: 

(1.9) W(t)v 0 (x,y) = (e lt ^ 3+iv2) v 0 ) v {x,y). 

Following the strategy used to deal with the gKdV equation in weighted spaces 
in [9], our second task is directed to get an extension of formula but with the 
linear group in (11.91) instead. More precisely we have our first result: 

Theorem 2. Let r-[ , r '2 £ (0,1) , s > 2max{ri,r2} and {W(t) : t £ R} be the 
unitary group of operators defined in m- if 

(1.10) u 0 £ Z s , r = H(R 2 ) n L 2 (( |a;| 2ri + \y\ 2r2 ) dxdy), 
then for all t £ K. and for almost every (x, y) £ R 2 

(1.11) \x\ ri W(t)u 0 (x,y) = W(t){\x\ ri u 0 )(x,y) + IV(t){$i it , ri (uo)(^ry)} v (a:,y) 
with 

(1.12) l|{$l,i,r 1 (Mo )(£,??)} V ||2 < c(l + |t|)(||uo ||2 + ||-D*U 0 ||2 + \\D°U 0 \\ 2 ) 
and 

(1.13) \y\ r2 W(t)u 0 (x,y) = W(t)(\y\ r2 u 0 ){x,y) + W{t){<S> 2 ,t,r 2 (u 0 ){£„y)y(x,y) 
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with 

(1.14) ||{'J , 2 .t I r 2 (Mo )(^??)} V ||2 < c( 1 + |i|)(||uo|| 2 + ||-D>o ||2 + H^olb)- 
Moreover, if in addition to (11.101) we suppose that for /3 G (0, min{ri, r 2 }) 

(1.15) D 0 {\x\ r ^u o ),D p (\y\ r2 u o ) G L 2 (R 2 ) and u 0 G H 0+S (R 2 ), 
then for all t gR and for almost every ( x , y) G K 2 

D' s (|a;|’W(i)uo)(*,tf) 

(1.16) 

= W(t)(D 0 \x\ ri u o )(x,y)+W(t){DP({$ lt t !ri (u 0 )(£,r])} v ))(x,y) 

and 

D l3 {\y\ r2 W(t)u 0 )(x,y) 

(1.17) 

= W(t)(DP\ypu 0 )(x, y) + W(t)(D? ({<S> 2>t , r2 (u 0 )(Z, r?)} v ))(x, y) 

with 

(1.18) ||£> /3 ({$i,t,r 2 (M 0 )(£,ry)} v )|| 2 < c(l + |i|)(|K|| 2 + \\D^ +s uoh + \\D% +S u 0 \\ 2 ), 
for j = 1,2. 

Remarks : (a) As we mentioned above, this type of formula was recently estab¬ 
lished by Fonseca, Linares and Ponce [9! in the context of the Airy group and 
more generally it also holds for the group associated to the dispersion generalized 
Benjamin-Ono equation: 

^ ig , f d t u - D]+ a d x u = 0, i,iG R, 0 < a < 1, 

|n(x,0) = u 0 (x), 

where D s denotes the homogeneous derivative of order sGt, 

D s = (-d 2 x y /2 so D s f = c s (\Z\ s f) V , with D s = {Hd x y, 
and 'LL denotes the Hilbert transform, 

Uf{x) = -\ im [ —— —dy = (-isgn(£)/(£)) v (x). 

TT eiO J y 

\y\>£ 

For the problem we are dealing with we adapt those one dimensional situations 
and carefully handle estimates in the two Fourier space variables. 

(b) The proof of Theorem [5] is based on a characterization of the generalized 
Sobolev space 

(1.20) L a ’ p (M. n ) = (1 - A)" a / 2 L p (K n ), a G (0,2), p G (1, oo), 

due to E. M. Stein [23] (see Theorem Q] below). 

Now we state our second result concerning local wcll-posedness of the gZK equa¬ 
tion in weighted spaces: 

Theorem 3. Let u G C([0,T] : H s (M. 2 )),s > Sk denote the local solution of the 
IVP (11.11) provided by TheoremUl Let us assume that (|x| ri + |y| r2 )uo G I/ 2 (R 2 ) 
with s satisfying 0 < 2max{ri,r 2 } < s, then 

(1.21) u G C([0,T] : Z Si(ri r2) ). 






gZK IN WEIGHTED SOBOLEV SPACES 


5 


For any T' £ (0,T) there exists a neighborhood V of no in H S (M. 2 ) nL 2 ((\x\ 2ri + 
\y\ 2r2 )dxdy) such that the map uq —>• u(t) from V into the class defined by Xt in 
Theorem 1 and (11.211) with T' instead of T is smooth. 

Remarks : (a) We observe that Theorem[3]guarantees that the persistent property 
in the weighted space Z s t ri r2 ) holds in the same time interval [0,T] given by 
Theorem[TJ where T depends only on ||uo||i/*- 

(b) It is expected that the condition s > 2max{ri,r2} in Theorem [3] is optimal 
as it was shown in [12. in the case of the gKdV equation. More precisely, (11.211) 
would hold only if and only if s > 2 maxjri, r 2 j-. 

(c) Notice that for k = 1 the LWP results in jTT] and [21] hold in a much larger 
space involving Bourgain spaces X s,b ,s > 1/2, and similarly for 2 < k < 7 LWP 
results in [23] involve Besov spaces but so far it is not clear for us how to handle 
our weights in those spaces. 

(d) It is interesting to mention an important difference in the way we obtain 
persistent properties in these weighted spaces for dispersive type equations. The¬ 
orem [3] is established via the contraction principle as it was made for semi-linear 
Schrodinger, gKdV, regularized Benjamin-Ono and the fifth order KdV equations, 
see [22], i, HD] and [2] respectively. However, this technique couldn’t be used for 
the dispersive family DGBO in (11.191) with the quadratic non-linearity ud x u nor for 
the famous Benjamin-Ono equation. We point out that even that we continue hav¬ 
ing at hand Theorem [T] the dispersion on these equations is too weak to overcome 
the nonlinear effects in the contraction argument. Nevertheless, optimal persistency 
results in weighted Sobolev spaces were indeed attained via energy estimates for 
the associated IVPs, see 0 and [7]. See also [4] regarding a 2D ZK-BO equation. 

(e) Recently, it was proved in [3] a similar result for isotropic weights for the 
ZK equation, k = 1 in m- Their argument of proof depends upon the range 
of values for the regularity of the initial data in H S (M. 2 ). For those values of s 
such that | < s < 1 it relies on a symmetrization argument performed to the 
ZK equation as in m, the proof of a LWP theory for the resultant symmetrized 
evolution equation on these weighted Sobolev spaces via a contraction argument 
and the help of another characterization of the generalized Sobolev spaces L“ ,P (R") 
in (11.201) obtained by an alternate Stein’s derivative to the one in Theorem 4 below 
and used in previous works related for the BO and GDBO equations found in in 
0, 0 respectively. In this case the existence time depends on the size of the 
initial data on Z s>r . For s > 1 they use the already LWP theory in m , continuos 
dependence for the flow and energy type arguments in order to prove persistence 
for the weights. In this case, the time of existence solely depends on the size of 
the initial data on H s ( R 2 ) as in our results. We consider that our proof for this 
case is simpler and that Lemma 1 below which basically establishes a commutator 
property between weights and groups associated to the linear evolution of dispersive 
equations can be applied in many other multidimensional models. Last, we could 
recover the contraction argument to get solutions in a more general setting with 
anisotropic weights and a wider class of power non-linearities. 

(f) As a consequence of Theorem [T| its remark (c) and our proof of Theorem [3] 
local results globally extend when s > 1 with arbitrary size of the initial data for 
k=l and for small enough initial data for k > 3 ( see 0)- For mZK, s > 53/63 
and appropriate smallness of the initial data guarantee such extension of the local 
solutions (see [20]). 
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The paper is organized as follows. In section 2 we introduce Stein’s derivatives 
and some detail on known results on LWP for the gZK equation. The proof of 
Theorem [5] will be given in Section 3. In Section 4 we will present the proof of 
Theorem [3l 

Notations. || • || p denotes the norm in the Lebesgue space L P (R”). 

Let a be a complex number, the homogeneous derivatives Df, for functions 

in R 2 are defined via Fourier transform by !?“/(£, 77 ) = |£|“/(£, 77 ) and £>“/(£, 77 ) = 
M“/(£j 7 ?) respectively. 

We consider the Lebesgue space-time L^L p L-( spaces with 1 < p,q,r < 00 
endowed with the norm 


/ oo / roo 

( / \f{x,y,t)\ q dy 

-OO \J — OO 

with the usual modifications when p = 00 or q = 00 or r = 00 . 

In general c denotes a universal constant which may change, increase, from line 
to line. 




2. Preliminary results 

Let us start with a characterization of the Sobolev space 
(2.1) L“' P (R") = (l - A)-“/ 2 L p (R n ), «e(0,2), p£(l,oo), 

due to E. M. Stein [25]. For a £ (0, 2) define 


( 2 . 2 ) 


D a f{x) = lim — 
«-s -0 c n 


f(x + y) - f{x) 


'\v\>£ 


\y\ 


n-\-cx. 


dy , 


where c a = W 2 2~ a T{-a/2)/T((n + 2)/2). 

As it was remarked in S25j for appropriate /, for example / £ <S(R”), one has 

(2.3) D^m) = D^f(o = \^\ a m- 


The following result concerning the L a,p ( R n ) = (1 — A)“/ 2 L p (R n ) spaces was 
established in [55], 


Theorem 4. (|25j) Let a £ (0, 2) and p £ (1, 00 ). Then f £ L“ ,p (R n ) if and only 

if 


(2.4) 


with 

(2.5) 


r (a) / £ L p ( R"), 

[ ( 6 ) D a f £ L p (R ra ), ( D a f[x ) defined in (12.211 b 

\\fh, P = 11(1 - A)“/ 2 /|| p ~ \\f\\ p + \\D a f\\ p ~ ||/|| p + || D a f\\ p . 


Notice that if /, fg : R” ->• R £ L Q,p (R ra ) and g £ L 00 (R")nC' 2 (R n ) and consider 
Stein’s derivatives en each j —th direction in R™, Stein’s partial derivatives, we have 
that 
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D jAf9)(x) = lim 


f(x + yej)g{x + yej) - f{x)g(x) 


—>o d. 


a J\y\>e 


\y\ 


1 +a 


dy 


( 2 . 6 ) 


r 1 /' ! ^f{x + yej) - f(x) 

hm — / 9{x) - T-Tf— - dy 

e— ^0 d a J\y\> e M 1 + 


+ lim — / 

e ->0 d a J \ y \>, 


(. g(x + yej ) - g{x)) f (x + y ej) 


\y\ 


1 +Q; 


dy 


= g(x)D jia f(x)+A jia ((g(- + ye j )-g(-))f(- + ye j )) (x). 
In particular, if g(x) = e lt,p ( x \ then 

+>((#(• + v£j) -g{-))f{- + yej)){x) 


(2.7) 


= «m ‘ / 

e->Q Gt a J| y |> e 


= e it¥,(a:) lim / 

e_K) d a J\y\>e 

-e it ^^, Q (/)(x). 


(g(x + ;/ej) - g(x))f(x + yej) 

\y\ 1+a 

e it{<p{x+y ej)-<p(x)) _ ^ 


dy 


\y\ 


1 + 0 ! 


f(x + yej)dy 


Thus, we obtain the identity 

(2.8) D jta (e u ^ /)(*) = D j>a f(x) + e lt ^ * j>v , a {f){x). 

Now we restrict to R 2 and choose as the phase function the one from the group 
associated to the linear ZK equation in m 

(2.9) ip(xi,x 2 ) = x\ + x\x\. 

For j = 1,2, we shall obtain a bound for 

e it(ip(x+y ej)-(fi(x)) _ ^ 


(2.10) |+- Q (/)|| p = 


lim / 

e ^°J\y\>e 


f(x + yej) dy 


\y\l+a 

Indeed this is achieved in our first result 
Lemma 1. Let a £ (0,1), and p £ (1, oo). If 

f £ L a ’ p ( R) and f £ L p ((l + x\+ x\) ap dx\ dx 2 ), 
then for all t £ R and for almost every (aq, x 2 ) £ R 2 


( 2 . 11 ) 


D J , a (e it ^ +x ^ f)(x u x 2 ) =jd*l+^l) Dj tCt f(xi,x 2 ) 


with 
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(2.12) ®l, t ,a(f)(xi,X2) = lim f 

da J\y\> e 


and 


(2.13) ® 2 , t , a (f)(xi,x 2 ) = lim [ 

e->0 da J\y\>e 

satisfying 

(2.14) ||<W/)||p< Ca(l + 
for j=l,2. 


e it(ip(x 1 +y,X2)—‘p(xi,x 2 )) _ ]_ 

e it(ip(xi,X 2 +y) — ip{xi,X 2 )) _ 1 


f(xi+y,x 2 ) dy 


\ y \l+a 

+ ||(1 + Xl + X*rf\\ p ), 


f(xi,x 2 +y) dy 


Proof. Since our interest resides in the parameter a G (0,1), then we are allowed 
to pass the absolute value inside the integral sign in (12.101) . 

At different parts of our work we will make use of either of the elementary 
estimates 


(2.15) 


(а) V(9 gR \e ie — 1| < 2, 

(б ) V(9gR \e i6 — 1| < \0\. 


Let us consider first Stein’s derivative with respect to Xi, i.e. j = 1 in (12.111) . 
From (12.151) (a) and Minkowski’s integral inequality it follows that 


e it(<p(xi+y,X2) — ip(xi,X2)) _ ^ 


'M>TOo 


|y| 


1 + Q! 


f(x i + y,x 2 )dy 


(2.16) 


< 


< c 


< cl 


Cq 


[ 

2 |/(xi + y,x 2 )| 

hv\>i ro 

\y\l+a 


dy 


\\f(xi+y,x 2 )\\ 


1 ^ 1 — 100 


\y\l+a 
1 


dy 


p J\y\>TM \y\ 1+a 


dy 


(2.17) 


Now let us consider the estimate 

r e it(cp(x 1 +y,X 2 )-ip{xi,x 2 )) _ j 

«<|y|<TOT 


\y\l+a 

Inequality (12.151) (b) yields 

e it(tf(xi+y,X 2 )-p(xi,X 2 )) _ J 


f{x i +y,x 2 )dy 


(2.18) 


< |l(+(a ; i + y, X 2 ) - <p{x 1 , x 2 ))| 


= \A\v\ 


0 

For Xi,X 2 in the ball -Bioo(O) = {(#i,£ 2 )/ x\ + x\ < 100} we obtain 


/ d Xl (p(xi +sy,x 2 )ds 
Jo 
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\d Xl ip(xi + sy,x 2 ) | = 3(xi + sy) 2 + x\ 
< 6xl + 6 s 2 y 2 + 


(2.19) 

and therefore 

e it(tp(xi+y,x 2 )-tp(x 1 ,x 2 )) _ ^ 

Hence our estimate is summarized as: 

r e it(ip(xi+y,x 2 )-‘p(x 1 ,X2)) _ Y 

'£<\v\<tm 1^1 


1+a 


( 2 . 20 ) 


< c 


< c\t\ 


f 

l*l|y||/(a:i +y,*2)| 


\y\ 1+a 


<c\t\ \y\. 

/(xi + y,x 2 ) dy 
dy 


Lp(Biqo(0)) 


Lp(B ioo(0)) 


/ , , II/+ +y,*2)|| L p (Bloo(0)) ^ 

J |y|<Too |y| 

< c|t| ll/ll [ TT^ d y 

P d\v\<Tm \y\ 

< Ca \t\ \\f\\ p . 

From the above estimates we now have to consider in (12.101) the region: 

\y\ < 1/100, and x\ + x\ > 100. 

We sub-divide it into two parts: 

( 2 . 21 ) 


(a) \y\ < I 2 , (b) \y\ > l 2 - 

1 4- xi + xi 1 4- xi + xi 


We first assume lyl < j, ^ and observe that \d xi tp(xi+sy, x 2 )\ < c( 1 + xf + Xn) 
in this region. With the help of the change of variable y = (l+xf+x%)y, inequality 
(12.151) (b), the argument in (12.181) and Minkowski’s inequality we obtain 

f e it(<p(x 1 +y,x 2 )—<p(xi,x 2 )) _ 2 


'M< J +a y 


■ f(x 1 + y,x 2 ) dy 


5^ Cq 


< C n 


Cq 


|y| 1+a 

\t\\y\{l+xl + xl)\f(xi+y,x 2 )\ 


Lp(B ioo (0) c ) 


'\v\<-. 


'ISI<1 


\y\ 


1+a 


dy 


LP(B ioo(0) c ) 


I + 1 +xj +xl) a \f(x 1 + 1+x | +x 2 , X 2 

W 


dy 


1*1 (l + + + i+ x f+ x % ) 2 + x f) \fi x i + 


LP(B ioo (0)*=) 


1+x'i+xl ’ 


^ 2 )| 


'I5l<i 


\ 2a 

I/+ 




|y| a 

+ i+4+^’ 3:2 ) 


■ dy 


i p (Bioo(0) c ) 


'|y|<i 


|y| 


2a 


dy 


LP(B ioo(0)°) 
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Now we perform a second change of variable u = x 1 + 1+a .| +a . 
(2.22) — l =y, \y\ <1/100, Xi+ x%> 100, 

2-1 i x 2) 

and we conclude that 


7 , v = X 2 and since 
2 

so du ~ dx i, 


l+x'f+x% 

— Ca 1 1 1 

|S|<1 

+ Cq \t | j 

v\<l 


git(Vj(xi+y, x 2 )-v(xi, 2J 2 )) _ 

M 1+a 

(l + xf +^) a |/(a;i,a;2)| 


\y\ c 


f{x i + 2 /,x 2 ) dy 
dy 


LP(B ioo(0)°) 


|/(a;i, aj 2 )| 


|y| c 


dy 


<c« iii(ii/ii P +ii(i+^+^r/n P ). 

Next suppose that |y| > 1 2 2 . Changing variable, y = (1 + xf + x\)y, using 

(12.151) part (a), Minkowski’s inequality, and a second change of variable as in (12.221) 
we get 


< c 


< c 


— C-a 


e it(ip(xi+y, X 2 )—<p(xi,X 2 )) _ 2 

W +“ 

|/(a,’i +y,x 2 )\ 


f(x i + y,xi) dy 


LP(B ioo(0) c 


r<li/l< 


i |y| 

inn 1 ^ 1 


1 + 0 ; 


dy 


Lp(B ioo (0) c ) 


(1 + *1 + + l+if+^I ’^ 2 ) 




\y\ 


l+o; 


dy 


A p (l?ioo(0) c ) 


(l + ( g i + 1+4+^ ) 2 + x i) /++ 1+ 4 + ^ ,^2 )xa 


|l+a 


+ 


/isfi>i \y\ 

/ - \ 2a 

( 1+4+4 J + l+4+^^2>XA 


dy 


Lp(B ioo(0) c ) 




Idl 


1+a 


dy 


LP(B ioo(0) c ) 


^ VII J lip 


1 + II(i + *i + ® 2 )° 7 IIp), 

where A = {y : |(m,a? 2 )| > +10011/1 - 1}. 


On the other hand, regarding Stein’s derivative with respect to X 2 , he. j = 2 in 
(12.111) . we notice that the useful inequality, 2 x\X 2 < x\ + x\, allows us to perform 
the same computations and obtain exactly the same bound (12.141) . □ 


Next we focus in the local H s theory in Theorem Q] for the gZK IVP in 2D from 
the works by Linares, Pastor and Farah, see [19] , [20] , (3 and references therein. 
Although for every k = 1,2,3,... the proof is accomplished by the contraction 
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principle, the Xt space is different according to the nonlinearity degree k (different 
space-time norms are involved in the choice of Xt)- 

Our persistence result in weighted spaces for gZK strongly depends on this the¬ 
orem so for the sake of clearness we emphasize some of aspects of its proof for all 
included nonlinearities with k = 1,2,3,.... 

We start by noticing that the method of proof is performed via the Picard iter¬ 
ation applied to the integral version of the gZK IVP given by: 

(2.23) tf(u(t)) = W(t)u 0 - [ W(t- t')(u k d x u){t')d£, t e [0,T], 

J o 

where the solution space Xt C C([0,T] : H S (M. 2 )) is determined by the norms 
• For k = 1, s > 3/4. 


(2.24) 


Mpi(«) =Ml ¥ h* + \\D' x d x u\\ LS>LlT + \\D s y d x u \\ LS , L 2 


+ \\9xu\\ l ^ l -x + ||u||i,2l« • 


For k = 2, s > 3/4. 


(2.25) 


Mq 2 ( u ) =1 \u\\l ¥ h° + \\D' x d x u\\ LS , LlT + \\D' v d x u\\ LS > Lh 
+ ll M ll l 3 t l™ + IIM | + \\ u \\lil™ t - 

L T L xy 

For 3 < k < 7, s > 3/4. 


(2.26) 


Vi,k( u ) =Ml~h* + \\D' x d x u\\ LS>LlT + \\D s y d x u\\ LTL 2 yl 
+ IMI L P T k L™ + ll SxU Hr¥roo + W U W L i L 7r' 

^xy 

where p k = and 7 € ( 0 , 1 / 12 ). 

For k > 8 , s > s k = 1 — 2 /k. 


(2.27) 


MufcW HMUs?#* + \\D x d x u \\ LrL 2 + \\D s d x u \\ LrL 2 


+ \\9xU\\ L ^, L 2 -(- ||u|| M + 

yl LrJ L° 


\\d x u\\ 


3k 

X+2 , 


ML* 

L x L 


The norms involved in these spaces reflect important properties of the associated 
group to the gZK equation, i.e. linear estimates like the smoothing effect, Strichartz 
estimates, maximal function estimates, ... . The standard argument is then carried 
out in the closed ball. 


B a = { u e X T ; k-l,k( u ) <a = 2 c||u 0 ||fl-s(R 2 ) }, 
of the metric space 


X T = {ue C([0,T] : H S (R 2 ))-, ^ fc (u) < 00 }. 
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By applying to the integral equation (12.231) each norm in the definition of yj k (u), 
linear estimates yield 

(2.28) Mpfc(w) < c|K||ff» + cT 1 (nl k (u)) k+1 

where 7 is a positive constant. From this point, the local existence time is chosen 
so that 


(2.29) ca fc T 7 < 1/2, 

_k 

which implies that the time size T ~ ||uo||jys and that the local solution satisfies 
Mpfc(w) < 2c||u 0 || ff ». 

3. Proof of Theorem [2] 

We consider the unitary group of operators {W(t) del} in i 2 (R 2 ) defined as 
(3.1) W(t)u 0 (x,y) = (e lt(?3+ ^ 2) u 0 (C,?7)) V (a;,2/)- 

Thus, for a = 77 G (0,1), (12.31) yields 


\.x\ ri W(t)u 0 (x,y) = \x\ ri (e l 


) uo{£,v)) y (x,y) = (Di,n(e*' 


} uo(^v))) V (x,y). 


and from Lemma [1] that 
(3.2) 

Z) i,ri(e l4(53 ~ K??2) u 0 )(€,ii) = e It(?3+c?,2) D liri u 0 (€,r)) + e^ 3+ ^<F MjCt (u 0 )(£,77), 


with 


|$i,t,n(wo)|| P < c n (l + |t|)(||S 0 ||p + || (1 + £ 2 + ifY 1 wollp)- 


Ip ’-riv- 1 - 1 rlAll u, uilp ' II V- 1 - ■ s i 7 ) Uj v\\pJ 
Hence, taking Fourier transform in (13.21) we obtain the identity 

(3.3) \x\ ri W(t)u 0 (x,y) =W(t)(\x\ ri u 0 )(x,y) + W(t)({$ M>ri (uo)(£,?7)} v )(a;, y). 
with as in (12.121) and 

||{$l, tl , 1 («o)(?, ? 7)} V ||2=||a> 1 , t , ri (uo)||2 
(3-4) < c ri (l + |t|)(||« 0 || 2 + || (1 + C 2 + r, 2 r noh 

< c ri ( 1 + |t|)(|M 2 + || D s x u 01| 2 + || D s y u o|| 2 ). 

On the other hand, if /3 £ (0,ri), then 

D£{\x\ a W(t)u 0 )(x,y) =W{t)(DP\x\ ri u 0 )(x,y) 

+ W(t)(D^i,t,rAuo)^v)y)(x iy ). 

In order to prove (11.181) we need to show that 
e it(v(£+T,??)-¥’(£>’?)) _ 1 


(3.5) 


IPf( 


(3.6) 


11 + 1"! 


u 0 {^ + T,r])dT) || 2 


< c Q i/3 (1 + |t|)(||«o ||2 + \\Dy 2a uoh + ||^ +2 “«o|| 2 ). 
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Thus, we write 

I \D 0 X { 


(3.7) 


< 


< cp\ 


|rp+o 

^0 Uit(ip{£+T,ri)-(p(£,ri)) _ x| 

|7jT+^ 

r |£ _|_ T \0\ e it(v>(t+T,ri)-<p(£,ri)) _ 


+ C 0\ 

= h+h- 


|r| 1+ri 

t |/3| e it(<p(£+T,v)~v(£,v)) _ X 


mo(? + t,??) dr) v || 2 
uo(£ + T,ri) dr\\ 2 
M£ + T,??)|dT||2 

wo(£ + t,?7)|c2t|| 2 


|i+n 


|wo(^ + T,7?)|dT|| 2 


Following the argument used in the proof of Lemma [T] to get (12.141) it holds that 

h < c ri A i + i*i)(iii^Soii2 + ii (i+e 2 + v 2 ) ri iei^ 0 || 2 ) 

(3.8) < c ri A 1 + ItDdl^uolla + lK«o|| 2 + ||^f +2ri «o||2 + K +2r Wo|| 2 ) 

< CtxA 1 + MXIKIh + || £>f +S «o||2 + || DP +S U 0 || 2 ). 

To bound / 2 we observe that this estimate is similar to that one used in the 
proof of Lemma [T] with iq — /3 > 0 instead of a. Hence, 

h < c ri A 1 + |t|)(||«o ||2 + || (1 + ^ 2 + V^-^uoh) 

(3.9) < C ri>/3 (1 + |i|)(||«o ||2 + \\D 2 A'-Vuoh + IPf^olh) 

< c rii/3 ( 1 + |i|)(||«o|| 2 + II dP +s u 0 || 2 + II Z^ +S u 0 || 2 ). 


For the weight in the y direction the analysis follows similar arguments and hence 
we get that for r 2 £ (0,1) 

(3.10) \y\ r2 W(t)u 0 (x,y) = W(t){\y\ r2 u 0 )(x,y) + W(t)(A 2 ,t,r 2 (uo)(t r l)} V ){x 1 y). 
with &j,t,r 2 as in (12.131) and 

(3.11) IK < J ) 2 ,t,r 2 (Mo)(^,? 7)} V ||2 < C r2 (1 + |t|)(||u 0 || 2 + || D^Uoh + || DyUoh), 

and similarly (11.181) for j = 2 is obtained. 

This completes the proof of Theorem [2] 


4. Proof of Theorem [3] 

We consider the most interesting case s = 2maxjri,r 2 }, with Sk < s < 1 as in 
the LWP theory in H s . 

Case 1: k = 1. 

From the previous assumption on s, and with s > si = 3/4. 

Let u £ C([0, T] : H S {M)) be the unique solution of the ZK IVP satisfying the 
integral equation 


u(t) = 'F(u(t)) = W(t)uo 



W{t — t')(u d x u)(t')dt ', t£[0,T] 


(4.1) 
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with T = T(||uo||ff s ) < 1 in (12.2911 chosen to satisfy 

(4.2) < 1/2, 

where 7 = 1/2 for k = 1, T ~ ||uo||#s and a = 2c||uo||ff s is the radius of the ball in 
the contraction argument in H s so that 

(4.3) Myi(w) < a = 2c\\u 0 \\h°- 
Now we suppose additionally that 

uo G Z sXrur2) = H(R 2 ) n L\{ + \y \ 2r2 ) dxdy), 

and introduce the new norm 

(4.4) /4>) = /'uW + II (M ri + \y\ r2 Ht)h ¥ Li y . 

Let us estimate y 2 i( u ) in the integral equation G3D noticing that for the second 
term in the definition of y 2 i( u ) if is enough to consider the norms 

i) || \x\ ri u(t)\\ L «, Liv and ii) \\\y\ r2 u(t)\\ L «, L 2 y 
For i) we have from Theorem [2] and (14.31) that 

(4.5) 

II \A ri u\\ Ll ' V < || \xPuoh + c(l + r)||« 0 ||ir-i + || N| ri f W{t - t'){u d x u){t')dt'\\ Lly 

<\\\x\ ri u 0 \\ 2 +c{l + T)\\u 0 \\H’>+[ \\\x\ ri ud x u \\ L 2 d£ 

Jo 

+ c(l + T) f ||u d x u\\ H s dt' 

Jo 

— II k| ri «o ||2 + o(l + T)||uo||jy» + c(l + T)T 2 (Myi ( u )) 2 + -7i, 

where 

(4.6) Il= Jo ^ ^ udxU ^ L -y dt '- 

We obtain a similar estimate for ii) and therefore we conclude that 

(4.7) 

l4» < c(l + T)(||u 0 ||if» + || (|x| ri + lynuohiJ+cil+T^Htfjutf + ch. 
Now we have for I \: 

h < || \x\ ri u\\ L¥ Ll y \\d x u\\ L i TLsi 

(4.8) < /J%{u) Ti\\d x u\\ L 2' L ~ 

In summary we get 


(4.9) 


KvW <0(1 + T)(||«o|| ff . + II (|*r + \yp)uo\\Li y ) 

+ c{l+T)T^{nl 1 {u)) 2 + cT^ 
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From the time size in (14.211 , we can pass the last term to the left side and obtain 


(4.10) < 2c(l + T)(|K||ff- + II (M ri + \y\ r2 )uohiJ + 2c (l + t )\\ u o\\h°- 


This basically completes the proof of this theorem in the k = 1 case. 

Case 2: k > 2. 

For these nonlinearities the argument follows exactly the same ideas as in the 
former case and we provide some details at the points where the estimates depend 
on the norms involved in the associated local theory in H s . 

We again define a new norm as in (14.411 


/4» = ulM + II (M ri + \yPMt)h~Li y 


(4.11) 


with ^ k the norm associated to the solution space Xt in Theorem Q] and given in 
section [2] 

Now we consider the second term in (14.1111 of the solution u represented in 
Duhamel’s formula and observe that it is enough consider the norms 



From Theorem [2] we can restrict our attention to the first norm above and obtain: 


(4.12) 



u k d x u){t')dt'\\ Lly 


< || M r Wo|| 2 + c(l + T)||«o|| ff . + c(l + T)T^{^l k {u)) k+1 + 4, 


where 


(4.13) 



Let us estimate 4 for the different values of k: 
• For k = 2. 


4 < || \x\ ri u \\ L <» L 2 Jud x u\\ L i' Lrv 
/ ..T ii,. n nn „.ll 



(4.14) 


• For 3 < k < 7. 
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(4.15) 



<T^l k {u)\\u\\ 


k -1 



-i) IM- 

f - ^ __ r J? 


< 


T-(»l k (u))^l k (u). 


• For k > 8. 


(4.16) 



Hence the following estimate for the norm in (14.111) holds 


(4.17) 


V2,k( u ) < c (! + LKIKIk* + || (|*r + \y\ r2 )uo\\ L i v ) 

+ c(l + T)T^nlk(u)) k+1 + cT^^l k (u)) k ^l k {u). 


From the time size in in the contraction argument in Theorem [TJ we can again 
pass the last term to the left side and obtain 


(4-18) H 2 , k {u) < 2c(l + T)(||u 0 ||ifs + || flaf 1 + \y\ r2 )u 0 \\ Lly ) + 2c(l + T)||w 0 || ff a. 


Which completes the proof of the theorem. 
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